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Abstract

Turing Machine Halting Problem is a major problem in computer theory, and Russell's Paradox is the root of the Third Mathematical Crisis, and both have had a profound impact on the development of science, which have always attracted the attention of the scientific and philosophical circles. This paper makes a philosophical analysis based on the view of dialectical infinity, and points out that the view of actual infinity is the philosophical root behind both.
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As we all know, the Turing Machine Halting Problem is a major problem of computer theory, its far-reaching influence, and has an important philosophical significance.  There are two ways to prove the Turing Machine Halting Problem (i.e., the undecidability of Halting Problem): the Cantor Diagonal Argument and the Judgment Procedure Argument.  These two methods of proof have been questioned by the scientific and philosophical circles.  The Cantor Diagonal Argument is questioned because the philosophy of this method is a view of actual infinity, which is impossible to complete in the view of dialectical infinity (Zhang Hong, Zhuang Yan, 2019).

I.The Cantor Diagonal Argument has Been Questioned

The great philosopher Wittgenstein firmly opposed the use of Cantor Diagonal Argument, arguing that the infinity cannot be exhausted by finite.  As he said in Research in Basic Mathematics, “For we have a legitimate feeling that where we can talk about the last thing, there can be no ‘no last thing at all’.” (Wittgenstein, 2013, p.207)  In the second part of On the Foundations of Mathematics, he deeply criticizes and reflects on the Cantor Diagonal Argument deeply, “I can indeed say here: there is always one in the sequence, and it is uncertain whether it is different from the diagonal sequence. One can say that they follow each other, tend to infinity, but the original sequence is always on top.”(Wittgenstein, 2003, p. 82)
Mr. Zhu Wujia, a famous mathematical logician, also clearly questioned Cantor Diagonal Argument (Zhu Wujia, 2010).  The principle of one-to-one correspondence and the Cantor Diagonal Method are essentially potentially infinite, procedural methods, and are impossible completed methods, which cannot be used to prove the integrity of actual infinity (global infinity).
The Judgment Procedure Argument is questioned because its idea of proof is consistent with Russell's Paradox, and the complete solution of Russell's Paradox has not been concluded. So it is also natural for people to question the Judgment Procedure Argument.

II. Root Causes and Solutions of Russell's Paradox

The ancient paradox of Line Segments Are Composed Of Dots and the Infinite Exchange Paradox (Zhang Hong, Zhuang Yan, 2019) profoundly reveal the insurmountable inherent contradictions in the view of actual infinity, which always treats infinite objects in a finite and mechanical way, thus bringing one bigger, worse contradiction after another.   We believe that the essence of the Third Mathematical Crisis is the crisis caused by the view of actual infinity - exhausted an infinite (exhausted an inexhaustible thing). The Max Ordinal Paradox, the Max Cardinality Paradox and Russell's Paradox all embody the fundamental error of actual infinity.
Infinity, as a being, cannot be defined by a restrictive concept, such as the concept of fixed infinity, which cannot describe the real infinite object; once a boundary is given, this infinity becomes a finite. Limited infinity is not really infinite, but a finite.  Actual infinity is such a limited infinity, and finished infinity is a limited infinity, such as the maximum cardinal number, maximum ordinal number, the Principle of Comprehension.
We know that the Third Mathematical Crisis is caused by paradoxes in set theory. Among them, Russell's Paradox is the core. After that, mathematicians gave axiomatic solutions (such as ZFC set theory), but only form to solve the crisis, it is not known whether there is a definitive solution to the crisis.  This is because the mathematical world has not found the crux of the problem, did not realize that the thought of actual infinity is the culprit of the crisis, it led to circular judgment.
Because the non-contradiction of ZFC system itself has not been proved so far, there is no guarantee that there will be no paradox in this system in the future. While those emerged paradoxes of set theory can be ruled out in ZFC system, no other contradiction has occurred, and ZFC system has been applied to today.  But Poincaré pointed out: we set up a fence to surround the sheep from wolves, but it is likely that a wolf was surrounded by the fence. Because the ZFC system cannot guarantee that there will be no paradox in the future, the Third Mathematical Crisis has not been solved completely in this sense.
Mr. Du Guoping makes a systematic analysis of the causes of Russell's Paradox in Research Progress of Russell's Paradox (Du Guoping, 2012). He thinks that the cause of the paradox lies not in the logical system, but in the Principle of Comprehension or the basic definition of set theory.  It is pointed out in the article Set Theory- Universal Logic Paradox (Du Guogong, 2009) that the Principle of Comprehension will lead to paradoxes in the finite logic, countable infinite logic and uncountable infinite logic systems.
However, the root of the problem lies in the Principle of Comprehension, because the philosophical thought on which the Principle of Comprehension (as the basic principle of constructing the set) depends is the thought of actual infinity.  The judgment of all objects is the judgment of finished infinity, which is a kind of actual infinite thought.

What is the Principle of Comprehension?  Principle of Comprehension is the basic principle of classical set theory, which refers to an important stipulation or axiom used to construct set in classical set theory. The content is unconditional recognition of any nature P (or property P), and one can bring together all the objects that satisfy the P of that nature and form a set only by bringing together these objects with P nature. The symbol is G={x |P(x)}, where the x on the left of "|" represents any element of the set G, and the P(x) on the right of "|" means that the element x has property P, and { } means that all x with property P are brought together to form a set. Therefore, another expression of the Principle of Comprehension is.  That is, the elements of the set A must have property P, on the contrary, all objects with property P must be the elements of the set A. Therefore, the Principle of Comprehension is an axiom about the existence of sets (in the axiom mode).
Under the Principle of Comprehension, there is no limit to the object domain. It is this unlimited all objects (actual infinity) that leads to paradox. There are two understandings of this kind of all , one representing existing (actually a potential infinity), the other representing existing and coming (which is practically an actual infinity). Obviously, the emergence of paradox is due to the latter understanding. The previous understanding that the object of judgment is oriented to history rather than to the future is therefore a potential infinity; the latter understanding is for both the history and the future, which is clearly a judgment of actual infinity.  This involves determining the criteria for a judgment object, whether it is a judgment of existence, or a judgment of an upcoming future. 
The so-called finished infinity (that is, infinite progress) is not a definite quantity, but a quantity of change. How can we judge it? Therefore, this judgment of all objects is impossible and thus invalid.
According to the fact that human cognition of the objective world, unidirectionality of time and directionality of judgment, show that our human thinking can only judge the exact existing objects, and this is determined by the hierarchy of knowledge, the law of historical development, and the law that the world is hierarchical. The law of cognition, the unidirectional nature of time and the directionality of judgment are a thought of potential infinity.
On the other hand, if we adhere to the latter standard of judgment, that is, future is also included in our vision of judgment, which will inevitably lead to circular judgment, that is, present judgment is the judgment of past and future, and the result of present judgment must belong to the category of future, which leads to circular judgment and the emergence of Russell’s Paradox. This is not only a thought of actual infinity, but also a violation of the principle of time unidirectional, which will inevitably bring confusion to our understanding.
The ZFC axiomatic set theory is proposed in order to avoid the Russell’s Paradox. There are two axioms worth our attention: Axiom Schema of Separation and Axiom of Regularity.
The application of Axiom Schema of Separation and Axiom of Regularity in the ZFC axiom system is a limitation on the Principle of Comprehension.  The essence is to limit the objects of our judgment to the existing range, that is, to limit the definition of set to the range determined jointly by known objects (given sets) and given property.    For example, it does not allow the set of all sets to exist and the set sequence of infinite descending chains, which is exactly the embodiment of potential infinity.  The composition of all sets can be traced back to minimal elements (not sets in themselves).  Therefore, the sets formed by the ZFC axiom system are the judgment of history, the judgment of existing objects, and even the existence of infinite sets, such as the set of natural numbers, are also the judgment of objects already existing. So its foundation is based on the solid earth (the earth composed of the real minimal elements), so it must fundamentally eliminate the emergence of paradox. As can be said, ZFC axiomatic set theory is a set theory of potential infinity, which makes up for the deficiency of naive set theory.   Let's specifically analyze the role of the two axioms.

1. Axiom Schema of Separation
Axiom Schema of Separation is also called Axiom Schema of Specification, Axiom Schema of Restricted Comprehension. The implication is that, given any set and any proposition P(u), there is a subset of the original set that contains and only contains the elements that make P(u) valid. Its essence is a limitation on the Principle of Comprehension. It is specifically expressed as follows:
Make P(u) is a formula, and for any set A, there is a set Y={u∈A∣P(u)}; the logical expression is  ∀A ∃Y ∀u (u∈Y ⇔ u∈A∧P(u)).  It actually represents infinitely many axioms, and for each formula P, there is a corresponding Axiom of Separation.







Obviously, set Y is a restriction on the existence of set A, and set A is in turn a condition for the existence of set Y.  This limitation is: when, we must have; otherwise, if, there is, leading to contradiction.  In this case,  no longer leads to conflict, because it contains .   So this axiom contains the following inference: for any set A, there is always a set Y, making.  So we conclude that a set of all sets does not exist.
2. Axiom of Regularity (Axiom of Foundation)
The definition is that each non-empty set x, always contains an element y, so that x disintersects with y (or has no intersection).  Its logical expression is ∀x [x≠∅ ⇒ ∃y(y∈x ∧x∩y = ∅)].
Its direct inference is that any set x does not belong to itself and ensures that there is no infinite descent chain of sets. That is, for all sets, we constantly trace the elements of its elements, and always stop within finite steps.  This also shows that the formation and generation of all sets are the judgment of the already existing objects. This is clearly a definition of a potential-infinite nature.
The Principle of Comprehension is to collect all the objects with property P(x) into a set without any restrictions, but it does not care whether these objects exist and what they are; the Axiom of Regularity tells us what these objects really are, and the Axiom Schema of Separation ensures that the judgment of all these objects is feasible, thus pooling a group of existing objects with property P(x) into a set. This ensures that the ZFC axiom system is a set theory based on the idea of potential infinity, thus completely eliminating the paradox; instead, the naive set theory based on the Principle of Comprehension is based on the idea of actual infinity, which leads to the emergence of Russell's paradox.  Therefore, the essence of the Third Mathematical Crisis lies in that we adhere to the thought of actual infinity, which is the crisis caused by the thought of actual infinity.

Ⅲ. The Analysis of Philosophical Thought Behind the Turing Machine Halting Problem
 
In fact, the Turing Machine Halting Problem is essentially the same as Russell's paradox, both appearing because of the idea of actual infinity.  As the Russell's paradox, based on the idea of actual infinity, we believe that:  All sets that do not belong themselves can form a set T; and this all is a completed all, namely an actual infinity. Thinkers of actual infinity argue that this newly defined set T also belongs to this all, leading to the paradox that T belongs to both itself and not himself. Of course, in the view of the thinkers of dialectical infinity, this set T does not exist, so the paradox is not true.  Similarly, the object (namely all Turing machines) for the Turing Machine Halting Problem is also a completed all and an actual infinity, which leads to the Turing machine that we supposed, to judge whether it is itself halt, resulting in contradictions.
However, the Judgment Procedure Argument is not intended to recognize the existence of such a Turing machine to judge all Turing machines, instead, it is to deny its existence.  Therefore, the solution of the Turing Machine Halting Problem, in turn, proved the mistake of the thought of actual infinity, but our great Mr. Hilbert and Mr. Turing failed to recognize the nature behind the problem.  For the limitations of Hilbert's thought of infinity, see the paper How We Understand Hilbert’s Thought of Infinity. (Zhang Hong, Zhou Hong Qiang，2021)
The Turing Machine Halting Problem shows that the all-encompassing, omnipotent Turing machine does not exist, because it faces an evolving infinite world (that is, a potential infinity), rather than not a static world (an actual infinity).  Like Russell's paradox, the set that contains everything that does not belong to itself does not exist, because the world of sets is also an evolving infinite world. So the Turing machine that determines whether all Turing machines are halt does not exist, that is, undecidable.  The essential idea is that it is impossible to judge and conclude an evolving infinite world.  We can't generate all sets at some point in time, nor can we generate all Turing machines at some point in time.
Let's return to the development way of dialectical infinity.
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